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Abstract. We apply the techniques of Eynard and Orantin to the plane curve 
xy — = 1 to enumerate covers of the two-sphere branched over three points. 
This produces new recursion relations — string and dilaton equations — between 
the piecewise polynomials that enumerate such covers. 



1. Introduction 

Consider genus g branched covers of S'^ branched over 0, 1 and oo with ramifica- 
tion bn) over oo, ramification (2, 2, 2) over 1 and ramification greater than 
1 at all points above 0. The number of connected topologically inequivalent such 
coverings Ng ^ibi, ■■■,bn) was studied in [TT] where it was shown that there exists 

polynomials Ng'^n{bi, 6„) for k = I, n such that iVg_„(6i, 6„) decomposes 
Ng^n{bi, ■■■,bn) = Njj'^^ibi, ...,bn), k = number of odd b^. 

In fact only even k is necessary since by definition iVg.„(6i, ...jbn) vanishes if the 
number of odd bi is odd. Each Ng'^n^bi, 6„) is a polynomial in the 6f , symmetric 
under permutations that preserve the parity of the bi. The number Ng^n{bi, 6„) is 
presented in [llj in terms of counting lattice points inside integral convex polytopes 
depending on (bi, which make up a cell decomposition of Mg^n, the moduli 

space of genus g curves with n labeled points, and hence is said to count lattice 
points in the moduli space of curves. 

Eynard and Orantin 3 have developed a sequence of invariants of plane curves 
to study enumerative problems in geometry. For a curve C C the invariants are 
multilinear differentials, which are meromorphic differentials u!n\zi, Zn)dzi...dzn 
on C X C X ... X C, that satisfy recursion relations with a Virasoro algebra structure. 
See Section 12.21 for more details. 

The generating function 



F^»)(zi,...,z„)= ^iVg.46i,...,6„)zJ^ 

fci>0 



has radius of convergence of 1 in each variable, and extends to a meromorphic 
function in each variable on the whole complex plane. See Lemma [5] in Section [3) 
It was proven in [TT] that the Ng^n{bi, ■■■,bn) satisfy recursion relations which 
uniquely determine them from iVo,3(6i, 62, 63) = 1 (when 61 -I- 62 + 63 is even and 
zero otherwise.) These recursion relations are used to prove the following theorem. 
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Theorem 1. For 2g - 2 + n > 

are the Eynard- Orantin invariants of the plane curve xy ^ ~ 1 . 

The Eynard-Orantin invariants satisfy further recursion relations known as string 
and dilaton equations. See Section 3] They give rise to new recursion relations 
between the Ng ^- The first two of these are a consequence of the string equations. 

Theorem 2. 



N. 



g,n+l(l, ^1, bn) = 2^ 2^ kNg^„{bi, 6„)|f,_fe 



= 1 fc=l 



n bj 1 ^ 

Afg,„+i(2, 6i, fen) = XI £ kNg,n{bi, bn)\b,=k - 2 ^0^9 Abl, bn) 

3 = 1 k=l j=l 

Corollary 1. The string equations determine the genus invariants. 

The count of branched covers Ng^n{bi, 6„) requires the bi to be positive inte- 
gers. Nevertheless the polynomials Ng'^n{bi, 6„) can be evaluated at 6^ = so we 
use them to define -/Vg.„(6i, 6„) when some of the bi = 0. For example, 

(1) iV,,„(0, 0, 0) 7V(")(0, 0, 0) = x{Mg,n) 

for x{-^g,n) the (orbifold) Eulcr characteristic of Mg^n was proven in [TT]. A 
consequence of the dilaton equation is the following new recursion relation between 
the Ng^n- 

Theorem 3. 

iVg,„+i(2, 6i, 6„) - Afg,„+i(0, bi, 6„) = (25 - 2 + n)7Vg,„(6i, 6„) 

Using the dilaton equation, Eynard and Orantin show how to essentially allow 
n = in their meromorphic form invariants. This enables them to define syniplectic 
invariants F(f)(C) = Jg^^ for .g > 1 of a plane curve C C which are invariant 
under symplectic transformations of C^. 

Corollary 2. The Eynard-Orantin symplectic invariants of the plane curve xy — 
y^ — 1 are the orbifold Euler characteristics of the classical moduli space. 

In Section[2] we give a short introduction to Ng^nibi, 6„) and U!n\pi, ...jPn)- 
Section [3] contains the proof of Theorem [T] and Section [4] contains the proofs of 
Theorems [2] and [3l In Section 14.21 we briefly describe string and dilaton equations 
for the Weil-Petersson volumes of the moduli spaces of hyperbolic surfaces A^g_„(L), 
which were proven by Mirzakhani [9J to be polynomial in the lengths Li, ...,Ln of 
the geodesic boundary components, and point out their similarity to the work here. 
Section [5] contains vanishing results for A'g^„(6i, 6„) when some of the bi are 
zero and hence it does not arise from a counting problem. Examples are given in 
Section [6l 

Acknowledgements. The author would like to thank Nick Scott for many useful 
conversations. 
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2. Background 

In this section we give a short introduction to the two main ingredients of the 
paper — the piecewise polynomials Ng^nibi, ■.■^hn)j and the Eynard-Orantin invari- 
ants UJn\pi., ■■■,Pn)- 

2.1. Lattice count polynomials. Let Mg^n be the moduli space of genus g curves 
with n labeled points. The decorated moduli space M.g,n x equips the labeled 
points with positive numbers (6i,...,6„) [12] . It has a cell decomposition due to 
Penner, Harer, Mumford and Thurston 

(2) Mg,nX«+^ U Pr 

where the indexing set J-atg^n is the space of labeled fatgraphs of genus g and 
n boundary components. A fatgraph is a graph F with vertices of valency > 2 
equipped with a cyclic ordering of edges at each vertex. The cell decomposition 
([2]) arises by the existence and uniqueness of meromorphic quadratic differentials 
with foliations having compact leaves, known as Strebel differentials which can be 
described via labeled fatgraphs with lengths on edges. Restricting this homcomor- 
phism to a fixed n-tuple of positive numbers (&i, 5n) yields a space homeomorphic 
to -Mg,„ decomposed into compact convex polytopes 

Pr{bi, 6„) = {x e ^Vrx = b} 

where b = 6„) and Ar : M^'^'"^ — * R" is the incidence matrix that maps an 

edge to the sum of its two incident boundary components. 

When the bi are positive integers the polytope Pr(&i, bn) is an integral poly- 
tope and we define iVr(&i, 6„) to be its number of positive integer points. The 
weighted sum of Nr over all labeled fatgraphs of genus g and n boundary compo- 
nents is the piecewise polynomial |llj 



1 

u 



The top homogeneous degree terms of the polynomials Ng'^n (k even) representing 
Ng^n coincides with Kontsevich's volume polynomial [5] 

Vg,„(6i, ...,6„) = ^ Y^^^—^Vr{bi,...,bn) 



\AutT\ 



where Vr(&i, 6n) is the volume of Pr(^i, ^n) induced from the Euclidean vol- 
umes on R^(r) and R". 

Each integral point in the polytope Pr{bi, ...,&«) corresponds to a Dessin d'en- 
fants defined by Grothendieck [B] which is a branched cover of branched over 0, 
1 and oo with ramification over oo, ramification (2,2, ...,2) over 1 and 

ramification greater than 1 at all points above 0. The branched cover viewpoint 
gives an easier definition of iVg^„(6i, 5„) while the description via lattice points in 
A4g,n leads to the relation of Ng^n{bi, 6„) with the Euler characteristic of M-g,n 
given in ^ and the relation of its top coefficients with intersection numbers on 

Mg,n, 
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2.2. Eynard-Orantin invariants. Eynard and Orantin [3J associate multilinear 
differentials to any Ricmann surface C equipped with two mcromorphic functions 
X and y with the property that the branch points of x are simple and the map 

P ^ {x{p),y{p)) 

is an immersion. 

If f{z) is a meromorphic function on C and analytic at zq then /(zo) can be 
expressed in terms of local information around the poles of / as follows: 

,./ \ fiz)dz s-^ ^ f(z)dz 

/(zo) = Res — = - 2^ Res ^ ' 

Z — Zq ^ ^0 Z — CL ■Z 2^0 

a 

where the sum is over all poles a of /(z). Similarly, a meromorphic 1-form on C 
can be expressed in terms of local information around its poles 

(3) (^(^^o) = f{za)dzQ = Res -^^-^-^ — dzQ — Res f{z)dz 

z—zq Z Zq z—zq Z Zo 



— ^ Res uj{z) 

z—a ^0 ^ 

a 

where the sum is over all poles a of ^(z). 
dz 

The expression '-^(z) hi ^ is an example of a bilinear dijferential which is a 

Zo - z _ _ 

meromorphic differential on C x C. Another basic example of a bilinear differential 
on a Riemann surface C of any genus arises from the meromorphic differential 
riw{z)dz unique up to scale which has a double pole at G C and all ^-periods 
vanishing. The scale factor can be chosen so that r]w{z)dz varies holomorphically 
in and transforms as a 1-form in w and hence it is naturally expressed as the 
unique bilinear differential on C 

/ dwdz 

B{w, z) — riw{z)dwdz, (t B = 0, B(w, z) ~ — near w — z. 

J A, [w - zy 

It is symmetric in w and z. We will call B(w, z) the Bergmann Kernel^ following 
[3j. It is called the fundamental normalised differential of the second kind on C in 
[5]. Recall that a differential is normalised if its ^-periods vanish and it is of the 
second kind if its residues vanish. 

For every (g, n) £ 1? with <? > and rt > Eynard and Orantin [3] define a 
multilinear differential, i.e. a tensor product of meromorphic 1-forms on the product 
C", notated by ijjn\pi, ■■■,Pn) for pi e C. When 2g - 2 + n > 0, ujn\pi, ■■■,Pn) is 
defined recursively in terms of local information around the poles of w^^, \pi, ...,pn) 
for 2g' + 2 — n' < 2^ — 2 + n. This is closely related to ([3]) and its generalisation 
to any Riemann surface C which expresses a normalised differential of the second 
kind in terms of local information around its poles using ?7zo,p(z) = J^" i?(z, z') on 
C in place of the Cauchy kernel dzo/{zQ — z). 

For 2g — 2 + n > 0, the poles of ujn\pi, ...,Pn) occur at the branch points of 
X. Since each branch point a of a; is simple, for any point p G C close to a there 
is a unique point p ^ p close to a such that x(j>) = x(j)). The recursive definition 
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of ...TPn) uses only local information around branch points of x and makes 

use of the well-defined map p i-^ p there. 

Set a;|°^ = (which agrees with the convention in [3J but disagrees with the 
convention in [2].) 



(4) J^^^B{w,z 

For 2g - 2 + n > 0, 
(5) 



uji%izo,zs) = ^Res K{zo,z) z, zs) + ^ z/)w[5j^|^(S, zj) 



31+32=9 
IUJ=S 



where the sum is over branch points a of a;, S' = {1, n} and 

-^i:Bizo,z') 



K{zo, z) 



2{y{z) - y{z))dx{z) 



is well-defined in the vicinity of each branch point of x. Note that the quotient of 
a differential by the differential dx{z) is a meromorphic function. 

The recursion ([5]) depends only on the meromorphic differential ydx and the 
map p ^ p around branch points of x. The simplest example of a plane curve with 
non-trivial Eynard-Orantin invariants is y"^ = x. It is known as the Airy curve since 
the Eynard-Orantin invariants reproduce Kontsevich's generating function 8 for 
intersection numbers on the moduli space. 

The simplicity of the curve = x can be measured by the divisor of its differ- 
ential ydx which is (ydx) = 2(0) — 4(cxd). The plane curve xy — y^ = 1 also has 
extremely simple divisor (ydx) — (—1) + (1) — (0) — 3(oo). The branch points of x 
are ±1, and the map p ^ p — 1/p is global. In this case x{z) = z -\- \/ z, y(z) = z 
and ([5]) becomes 



,,(3) 



91+92=9 
IUJ=S 



3. Recursion 



In |TT] the piecewise polynomials Ng,n{bi, ■■■,bn) were shown to satisfy the fol- 
lowing recursion which uniquely determines Ng^„ from N0.3 and A^i.i. 



(6) boNg,n+i{bo,bs) = Y.l 



]>0 



X! PqNg.n{bs)\b,=p+ ^ pqNg,„{bs)\b^=p 

p+q=bo+bj p+q=bQ-bj 



- ^ pqr Ng^i^,-,+2{p,q,bs) + ^ ^^gi,|7|+l(P, &/)A^g2,|J|-(-l(9, 
p+q+r=bo 



31+92=3 
/UJ=S 
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where bs — (61, ■■■,bn) and the sum over the term p + q = bo — bj needs to be 
interpreted as follows. If bo — bj > it is read as written, whereas if 60 ^ bj < 
then replace bo — bj by bj — 60 and negate the sum. 

Lemma 1. For Wn \zi, Zn) = ^f^---^!"^"^'' recursion 0) is equivalent to 



3= 



1 



(1-Z2)2 



Si +92=9 
/UJ=S 

Proof. Transform ([5]) by 

00 n 00 

&0 = 1 1 = 1 f,j = l 

The left hand side transforms to w|f|^(zo, ^n). 

For each j = 0, n, put Pj = no<i7^j Y^T-^i ^i-^i^^^- Then the first term on the 
right hand side of (O transforms to 



CX3 00 ^ 



2' 

fco=0 fcj=0 p+q=ba+bj 



d 1 



g even 



3 



(1-^2)2 (l_z2)2 



d 



dZj \ (1 - Z2)2 



Z — Zi 



The transform of the second term on the right hand side of ([6]) breaks into two 
sums 

00 I bo 00 I 

^.E-'"'ME- E M.-r' E ^^^'?^9,«(Mib,=p 

60=0 [63=0 bj=ho + l J P+g=|fc3-bo 
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(1 - ^2)2 (1 _ ,2)2 



1 — ZZj 



9Zj Ul - Z2)2 



1 — ZZi 



The third and fourth terms of the right hand side transform to 

oo 

Po z^"-i^Mr iVg_i,„+2(p,g,6s)+ ^si,|/|+i(P.^/)^fl2,|J|+i(9.&j) 

Si +32=9 
/UJ=5 



Afg_i,„+2(p,g,6s) 



+ E ^9i,|/|+lb'^/)^92,|J|+l(9>&j) 



gi+92=g 

IUJ=S 



Po 



(1-^2)2 



E 

P,9 



-/Vs-l,n+2(p,g, 6s) 



E ^9i,\i\+iiP'bi)Ng^^\j\+i{q,bj) 



IUJ=S 



(1-^2)2 
Thus the Lemma is proven. 



'ffn+2\z,Z,Zs) + w[f|^j^(z,Z/)w[5^|^(z,Zj) 



31+92=3 
IUJ=S 



□ 



The meromorphic form u!n\zi, -Zn) is defined via its Taylor expansion around 
Zj = 0, j = l,...,n with radius of convergence 1. The following lemma gives an 

explicit analytic continuation of ujn \zi, Zn) to \zj\ > 1. 
Lemma 2. 

UJ^\zi, 1/Zj, Zn) = -UJ^\zi, ...,Zj, Zn) 

Proof. If p(n) = Y^j=oPi''^^ a polynomial then 

n>0 j=0 n>0 j=0 ^ ^ 

is an expansion around z = of a holomorphic function with radius of convergence 
1 which follows from the convergence of + 0^ + ... for |^;| < 1. 
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If we restrict the parity of n then 



n > 
n even 



n > 
n odd 



dz I 1 — z"^ 



are meromorphic functions with poles at z = ±1. If we further consider only 
polynomials in v?', p{n) — X]j=o ?'2j"'^'' then the extension to \z\ > 1 is explicitly 
given by 

f+{z) + /+(l/z) = ~p(0), f-{z) + = 

which follows immediately from 



Z2 1/^2 



and 



Hence 



l-l/z2 
dV^ 



z l/z 
1 — 1 — 1/ z^ 



^n"^ (^1 J ■■ - 7 I ■ ■■ I ^n) ^n^^ (^1 1 ■ ■ ■ ; j ■ ■ ■ j ^n) ~l" c(zi , . . . , , . . . , Z,i) 

where ^c(zi, z^, z„) = 0. Thus cj^f' = -^...-g^Fn^ dzi...dzn satisfies 

W^f)(zi, 1/Zj, ...,Z„) = -W^f)(zi, ...,Zj, ...,z„). 



□ 



Proof of Theorem [Jl Rewrite (O as follows 



(8) wi^],(z,zs) 



(1_^2)2|E 



(Z - Z,)2 (1 - ZZ,)2 



^(9-1) 



iz,z,zs)+J2 w[f|^ji(z,z,)wg^|^(z,z,,)| 



91+92=9 
IUJ=S 



"■8 z^ 



^ dzi (1 — z 

and note that the last term is analytic at z = ±1. 
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In terms of a;„^j(z, zs) = w„^^(z, zs)dzdzs ^ becomes 



(9) J:l{z,zs) 



1 



(z - \)dx{z) 



E 



dzdz^ 



dzdz-i 



{z-z,Y {l~zz,Y 



j%^\z,z,zs)+Y. o^\'i\Uz.ziWfjf+,{z.zj)^ 



§1+92=9 
IUJ=S 
(3l,|/|)#(0,l) 
(92,|J|)#(0,1) 



1 



1 ' (^i - ^/zj)dx{zj) 



dz 



Zjdz 



Z Zj 1 ZZj 



where various differentials have necessarily appeared on the right hand side and 

d{l/z)dzj 



The terms 



dzdzj _ (0). , 



dzdzj 



can be absorbed into the sum over gi + g2 = .g to give 
(10) 



uj^J^l^{z,zs) 



(z — j)dx{z) 



(z, 1/., Z5) +E v^, ^j) 



91+92=9 
IUJ=S 



1 ' (^i - 

and we have also used Lulj^, \z, zk) = —^^n' ^(V^i ^k)- 

,(9) 



dz 



Zjdz 



Z Zj 1 ZZj 



Apply © to tj^'!/^(zo,Z5) to get 



(11) 



,(9) 



a=±l 



{zq,zs)= V Res -^^wff|i(z,zs) 



We will substitute (|10p into the right hand side of (llip but first note that the last 
term of pO)) can be dropped since it is analytic at z = ±1 hence does not contribute 
to the right hand side of (fTTj) . 



a [z - \)dx{z) Zq - Z 



'^Li%^\z,l/z,zs) 



^ J^'j^l{z,zj)colf^l^{l/z,zj)^ 



91+92=9 
IUJ=S 



10 



PAUL NORBURY 



by symmetry under z ^ 1/ z 



91+92=9 
IUJ=S 

SO using 

— 1 / dzQ dzQ 



K{zo,z) = 



2{z — ^)dx{z) \zq — z ZQ — Xjz 
we get 



'^n+i(2o,2s)=2^ Res ii:(zo,z) 



4^2^) (z, 1/z, Z5)+E VSli (1 A, 



91+92=9 
IUJ=S 



as required. □ 



4. String and dilaton equations 
The Eynard-Orantin invariants satisfy the following string equations [3] . 



(12, ^g^R..„w.« -|:.,,^('^' 



(13) y: Res»^(.)!/(«)4";,(«,«)=-i:<i«,^ 



a=±l 



^ 'dz, \ dx{z,) 



where zs (zi, ...,z„). 



4.1. String and dilaton equations for iV^ „. The string equations (|12p and ([T 
transform to simple equations in the iVg^„. 
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Proof of Theorem\^ The piecewise polynomial iVg^„+i(l, 5i, 6„) is the coefficient 
of Y[i=i bi^i^~^dzi in the expansion of Res —uj^^-f^{z, zg) around (z, zg) = 0. 

2=0 Z 



Res -Jj'l^iz, zs) = - Res zlj';I'1^{z, zg) 

z—0 ^ z—oo 



Res y{z)uj':^l^{z,zs) 



3 

n 



L 

9 



^ dzj y dx{zj) 



The first equality uses u!ll'^i{z, zs)/ z = —lliI^^^{1/z,zs)/z. The poles of the mero- 
morphic form y(z)a;^^j^(z, Z5) occur at z = — l,l,c>o so the third equality uses 



the zero sum over all residues. The fourth equality is (jl2p . We have expanded 
Zj) — 1/(1 — ^/Zj)dzj around Zj 



l/dx{zj) — 1/(1 — ^/z'^)dzj around Zj = to show that in the expansion of the 



final term around zg = 0, the coefficient of Y[7=i ^i^i^ ^dzi is the right hand side 
of the following 



7Vg,„+i(l,6i,...,6„) = ^ ^ /ciVg,„(6i,...,6„)| 



6t —A; 



j — 1 k < bj 

k = bj + l(mod 2) 



b-i —k 



3=1 k=i 



where each summand with k = 6j(mod 2) vanishes since k + X^j^^j is odd. This 
proves the first recursion of Theorem [51 
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The piecewise polynomial 2iVg_„+i(2, bi, 6„) appears in the expansion around 
Z5 = of Res -^Lu^li{z, zs) as the coefficient of HILi hZi^'^dzi. 

z—O Z 



Res ^Jj'l^iz, zs) = - Res z^uj^^l^iz, zs) 

Z—O ^ z — 00 



= - Res x{z)y{z)uj[^lj^{z,zs) 



= Res x{z)y{z)ujll'l-i^{z,zs) 



__v^, d / x{zj)uji{"{zs) 
d 



.7=1 '■' 



The first equality is as above. The second equality replaces with + 1 = x{z)y{z) 
since a;|^^]^(z, Z5) is analytic ai z — 00. Again the poles of the meromorphic form 

x{z)y{z)uj'^^i{z, Zs) occur at z = —1, 1, 00 leading to the third equality. The fourth 
equality is We have expanded = {zj — l/zj)/{l — l/z'^)dzj around 



z. 



= to show that the coefficient of YVi=i biz\^^^dzi is the right hand side of 



2iVg,„+i(2,6i,...,6„) = 2^ ^ kNg,r,{hi,...,bn)\b,=k+Yh,Ng^n{bi,...,bn) 

j=i k <bj j=i 

k = bj (mod 2) 
n i>j n 

= 2 ^ ^ kNg^nih, ■■■,bn)\b,=k - J2 bj^aAbi, ■■■,bn) 
3=1 k=i 3=1 

where each summand with k = bj + l(mod 2) vanishes since k + '^i^j bi is odd. 
This proves the second recursion of Theorem [51 □ 



Proof of Corollary]^ The string equations determine the genus invariants. If 
F{bi, 6^) is a polynomial satisfying: 

(1) degreeF(62,...,62)^^_3 

(2) F{bf, fe^) is symmetric in bi, ...,bk 

(3) F{bl, ...,bl) is symmetric in bk+i, bn 

(4) F(1,62,...,62)^7VW(1,62,...,5„) 

(5) F[bl 22) = 4%bub2. 6n-i, 2) 
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then F{bl, ...^bl) = N'^'^l{bi,b2, ...,6„) since 

F{bl, bl) - N^%b^M. 6n) = {hi - l)K - 4)G(6?, bl) 

k n 

=n(^'-i) n (&?-4)i?(6?,...,6^) 

i=l J = fe+1 

which must vanish identically to have degree < n — 3. Thus ivjfj|(6i, 62, is 
uniquely determined by the two string equations. If = or n then the argument 
is similar, although only one of the string equations is needed. □ 

The Eynard-Orantin invariants also satisfy the dilaton equation. 
(14) Res<i'W4+i(^,^5)-(25-2 + nVis)(^s) 

a=±l 



where c?<i> — ydx. The function $ is well-defined up to a constant in a neighbourhood 
of each branch point and the left hand side of (fT4l) is independent of the choice of 
constant. 

Proof of Theorem\^ The coefficient of YYi^ibiz\^~~^ dzi in the right hand side of 
dm) is {2g~2 + n)Ng^„{bi, .6„). The left hand side of dH]) becomes: 

J2 Res^z)u;ii,{z,zs) = - J2 Res / J^iz' , zs) 

It z—a IT z—cx. Jo 

a— ±1 a—±l ^ 

= -Y^ Res {z--)dz ru^l{z',zs) 
= Res {z )dz I uj\^l^{z' ,zs) 

Z — OQ ^ Jq 



,(9) ..A _ T5„o ^ / ,.,(9) 



Res —ujI%j^(z,zs)- Res — / ujI%j^{z' , zs) 

^ Z — OO ^ JQ 



Z — OO 



= ^S:r2^n+iiz,zs)- Res — / ivll'l^iz' , zs) 

z=0 ^Z z=oa Z Jq 

The identity = Res d{fg) — Res d/.g+Res f .dg applies to / = <i> and g = ^i+i 
even though $ is a multiply-defined function. This yields the first equality. At 
z = the integral Li;^^^(z', Z5) vanishes so (z — 1/z) ^^^^(z', zg) is analytic 
at z = and has poles at z = ±1 and 00 which leads to the third equality. In 
the final expression, iVg.„_|_i(2, 61, 6„) is the coefficient of \S!l=\ biz'^''~^dzi in the 

expansion of Res ■^^u!ll^^^{z, zs) around (z, Z5) = 0. At z = cx), uJ^^^-^^{z' , zs) is 

z—O ^z 

analytic, thus Res ^ uj^f}^i{z' , zs) ~ uj^^-^{z' , zs) which has coefficient of 
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nr=i ^i^i' ^'^^i given by Ng^n+i[0, 61, 6„). Hence 

7Vg,„+i(2, 61, bn) - A^s,„+i(0, 61, 6„) = (25 - 2 + n)iVg,„(6i, 6„). 

□ 

Remark. It was necessary in the proofs of Theorems [2] and [3] that the bi > 0. The 
equations immediately extend to allow all hi. For example, the dilaton equation 
implies the relationship between the polynomials 

N^l+,(2, 61, bn) - N^J:1+A0, 6„) = (2g - 2 + n)7VW(5i, 5„) 

for hi > 0. The left hand side and right hand side are polynomials that agree 
at infinitely many values in each variable hence they coincide and in particular 
allow hi = 0. If bj = in the string equation then the sum on the right hand 
side corresponding to j is empty. Similarly, the main recursion ^ restricts to the 
polynomial parts of Ng^n and hence also allows bi — 0. 

4.2. Weil-Petersson volumes of the moduli space. Let Alg „(L) be the mod- 
uli space of connected oriented genus g hyperbolic surfaces with n labeled geodesic 
boundary components of non- negative real lengths Li,...,L„. It comes equipped 
with a symplectic form which gives rise to the Weil-Petersson volume 

yg^^(L) = volume [Xg,„(L)]. 

Theorem 4 (Mirzakhani [9]). V^^(L) are polynomials in h — (Li,...,L„) that 
satisfy the recursion relation: 



d 



n „ 

i=i 

+ j dxdyKLAx,y)^^^i^n+i{XiyX) 



31+32=3 
IUJ=S 

As usual S* = {1, n}. The kernels are defined by 

KLo,Lj[x) = H{x,Lq + Lj) + Hix.Lo ~ Lj), KLo{x.,y) H{x + y^Lo) 

for 

H{x,y) = I ( ^ + - — ^— 

^Vl + ea 1 + 62 

Theorems ([Tl). For L = (Li, L„) 

(15) Vg'^„UL,2m) = J2 L,VZ.P{\.)dL, 

fc=1^0 

— f^(L, 2vrz) = £ ■ (L) - (43 - 4 + n)V^,r{'L). 

OLn+l 

where £ — Ljd/dLj is the Euler vector field, and 

gyWP 

(16) -Kf^iL, 2m) = 2m{2g - 2 + n)K,^^(L). 
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Theorem [5] has three interesting interpretations. It was proven in py by showing 
it is equivalent to recursion relations among intersection numbers on Mg^„, the 
compactified moduli space of curves, that generalise the string and dilaton equations 
|14j . This used [lOj which identified the coefficients of V^^^ with intersection 
numbers on Mg^n- Secondly, evaluation of V^^i at Ln+i = iO can be interpreted 
as the volume of the moduli space of hyperbolic surfaces with a cone point of 
angle 9. Thus Theorem [5] gives information about the moduli spaces as the cone 
point tends to 27r. The third view comes from the Eynard-Orantin [4] invariants. 
Let C{V^^}{zi, Zn) be the Laplace transform of V^^{Li, L„). Eynard and 
Orantin Pj proved that for 2g — 2 + n > 

are the Eynard-Orantin invariants of the plane curve x = z'^, y — — sin(27rz)/47r 
which strictly represents a sequence of algebraic curves obtained by truncating the 
expansion for y around z = 0. The first two equations in Theorem [5] correspond to 
the string equations and the third equation corresponds to the dilaton equation. 

The string and dilaton equations satisfied by Ng^n and are strikingly sim- 

ilar, particularly if one substitutes Lk = 2'Kibk and uses the analogy of discrete 
integration and differentiation. This suggests that the volume polynomials 
may satisiy further identities similar to those satisfied by Ng^n such as the vanish- 
ing results. The dilaton equation leads to the symplectic invariant F^^^ of Eynard- 
Orantin and it is interesting that in both the cases of and Ng^^, F^^^ turns 
out to be an invariant of the classical moduli space Aig — its volume and Euler 
characteristic respectively. This suggests that the general symplectic invariant i^^^' 
of Eynard-Orantin is somehow related to A4g. 

4.3. Tau notation. Let Cm"* be the coefficient of in Ng'^n where the bi 

have been ordered so that the first k are odd and the others are even. Define 

(17) (r„^...r„,<^,...r+J,,„:=22M-9m!(35-3 + n-|m|)!xcW 

where |m| = rrii and m! = mj. Since Ng^n is symmetric in its odd variables 
and its even variables this tau notation encodes the entire polynomial, and we allow 
the to be written in any order. If k is odd or |m| > 3g — 3 + n then the bracket 
vanishes. 

The tau notation follows Witten's tau notation for intersection numbers [141 . The 
coefficients of the polynomials Ng^n may be intersection numbers. In particular, it 
was proven in ,11] that when |m| = 3g — 3 + n it is an intersection number. 



It ...t 

\'mi ' nik mk + 



Ma 



(independent of even k) where Li, L„, are tautological line bundles over A4g^n- 
Put s = 3g-3 + n- |m|, t" = r-^...T-^ and t+ = t+^^^...t+^. The string 



equations become 

s+l 



p=0 ^ ^ / p=0 \ t- / j=i 
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i n ) ~ 5Z ( j7 ) ^p,mj ('''mi ■■■'''mj+p-l---''m„)s,i 

p=0 ^ P ' p=o \ f / j^i 

where 6p,mj and b'^ ^. depend only on p and rrij and T,^^^p_i reverses the parity — 
replace t~ (respectively r+) with r+^.+p_i (respectively T„^.^p_ J~and T^^.+p_i 
keeps the parity the same. When s — —1, both string equations reduce to the 
usual string equation for intersection numbers on the moduli space of curves |14| . 
The tau notation gives a constructive proof of Corollary [1] which states that the 
string equations determine the genus zero invariants, since the system of equations 
is triangular in the genus invariants. 
The dilaton equation becomes 

^ \ ) ('^™o'^m7-m>S,n+l = (2.9 - 2 + ra)(T„r+)g,„. 

^ + ^ mo = l ^ ° ^ 

When s = —1, the dilaton equation reduces to the usual dilaton equation for 
intersection numbers on the moduli space of curves |14j . It can be used to determine 
the genus 1 invariants. 

5. Evaluation at bj = 0. 

The count of branched covers iVg „(&i, 6„) requires the bi to be positive inte- 
gers since ramification makes no sense. We can define iVg^„(6i, 5„) for some 

bj = by evaluation of its representing polynomial A'^|^2(&i, 6„). The dilaton 
equation from Theorem [3] 

iVg,„+i(0, 6i, 6„) = iVg,„+i(2, 5i, 6„) - (25 - 2 + n)iVg ,„(6i, 6„) 

enables us to make sense of evaluation at bj = in terms of a counting problem. 
Furthermore, as explained in the remark at the end of Section 14.11 the string and 
dilaton equations still hold when some bj — and this enables us to prove vanishing 
results when some bj = Q. 

n 

Lemma 3 ([U). If^h < -2x = 4^ - 4 + 2n then A^g,„(6i, 6„) = when all 

b^ > 0. 

Proof. If Ng^n{bi, ■■■,bn) > 0, there exists a degree genus g branched cover 

TT : C ~* branched over 0, 1 and oo with ramification (6i,...,6„) over oo and 
ramification (2, 2, 2) over 1. By the Riemann-Hurwitz formula, 

1 " 

x{n-\S'-{0,^})^--J2b.. 



Thus 



2 

1=1 



2-2g-n = xi^^'iS^ - {^}) = E + #^~'(0) > E 

i=l i=l 



□ 



Using the dilaton equation we can extend the vanishing result to allow some bj 
to be 0. 



STRING AND DILATON EQUATIONS FOR COUNTING LATTICE POINTS 17 

n 

Corollary 3. // < ^ 6^ < 4g - 4 + 2{n ~ p) then Ng^nih, ...,6„) = where 
#{6, = 0}-p. 

Proof. The case p = is Lemma [3] and begins the inductive argument. Suppose 
bo = 0, that = 0} = p > 1 and assume 

n 

< ^ fej < 4.9 - 4 + 2(n +l-p). 

On the right hand side of 

^ff,n+i(0, 6i, 6„) = iVg^„+i(2, 5i, 6„) - (25 - 2 + 7i)7Vg,„(6i, 6„) 
the first term vanishes by an inductive hypothesis since = 0} = p — 1 and 

n 

< 2 + ^6, < 4g - 2 + 2(n + 1 -p) = 45-4 + 2(n + 1 - (p - 1)). 

The second term on the right hand side also vanishes by the inductive hypothesis 
since = 0} = p — 1 and 

n 

< ^ 6, < 4^ - 4 + 2(71 + 1 - p) = 45 - 4 + 2(71 - (p - 1)) 

i=l 

completing the induction. □ 

Remarks. 1. The vanishing result of Lemma [3] uses "^bi < —2x where x is the 
Euler characteristic of the cover. If we try to interpret Corollary [3] in a similar way, 
then we are led to the idea that the Euler characteristic should be 2 — 2^ — (n — p) 
in place of 2 — 2(7 — n as if setting p of the hi to be zero removes p punctures. 

2. The Euler characteristic arguments of Lemma[3]and Corollary [3] cannot detect 
connectedness of the cover suggesting there may be further vanishing results. This 
is indeed the case for genus 0. 

n 

Lemma 4. IfO <^bi <2{n- 3) then 7Vo,„(5i, ...,5„) = 0. 
1=1 

Proof. This uses the main recursion relation ^ which becomes for g — 



boNoj-,+i{bo,bs) X! ^ 



2 

]>0 



X] P(lNo^n{bs)\b,=p + ^ PqNo^n{bs)\b,=p 
p+q=bo+bj p+q=bo~bj 

+ X! ^a,\i\+i{p,bi)N„^\j\+i{q,bj) 

p+q+r=bo IUJ=S 

where S* = {1, 71} and bs — (bi, ...,bn). The recursion allows 6^ = as explained 
in the remark at the end of Section 14.11 

We will prove the vanishing result by induction. If ^ 6; is odd then Ng_n vanishes 
so we assume is even. When ti = 4, if < ^ 6^ < 2 then (fei, ^2, ^3, ^4) = 
(2, 0, 0; 0) or (1, 1, 0, 0). These can be explicitly evaluated using 

Ngl{b,,b2,b,,bi) = -l + \j2^l Nl,'lib,,b2, b3,bi) = -^ + ^Yl 
to get nI^°1 (2, 0, 0, 0) = = (1, 1, 0, 0) as required. 
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Suppose bi < 2(n — 2) and choose bo to be the maxhTium of the bi so that 
we can easily interpret the second sum over p + q = bo — bj . In the first sunimand 
the variables (61, 6j = p, 6„) satisfy 

n n n 

'^b^ - bj + p = '^b, - bo - bj + p = '^b, - q < 2{n - 2) - 2 = 2{n - 3) 

i=l 1=0 i=0 

where q must be even and q = annihilates the summand through pq so q > 2. 
By the inductive assumption, -/Vo,n(&s)|6j=p vanishes since the sum of its variables 
is less than or equal to 2(n — 3). The variables of the second summand satisfy the 
same inequality by replacing the second = with < in the previous calculation since 
—bo — bj+p< —bo + bj+p = q hence the second summand vanishes. The variables 
of the third sunimand satisfy 

n 

p + q + ^bi + ^b, = ^b, - r < 2{n - 2) - 2 ^ 2{n - 3) 

iei ieJ i=o 

where as before r > 2. Hence either 

p + < 2(|/| -2) or g + <2(|J|-2) 

so by the inductive assumption one of -/Vq 6/) and -^o,|J|+i(9! ^j) vanishes 

so the summand vanishes and the induction is complete. □ 

Corollary 4. 

x{Mg^n+i) = (2 - 2g - n)xiMg,n)- 

Proof. By (P) iVg^„+i(0, 0) = x{-Mg,n+i) so apply the dilaton equation to get 

xiMg,n+i) = iVg^„+i(0, ...,0) = iV<,,„+i(2, 0) - (25 - 2 + n)Ng,,{0, 0). 

Now A'g^„_|_i(2, 0) = by Lemnia|4]for g = and Corollary [3] for g > and since 
iVg_„(0, ...,0) = x{-Mg,n) the result follows. □ 

In particular [71 [T3] , 

x(A^.,«+i) = (-ir^^|^^^x(A^.,i), g>o 

x(Xo,„+i) -2)!x(A^o,3)- 

Furthermore, the symplectic invariant i^^^-* of Eynard and Orantin for g > 1 is 
defined by applying the dilaton equation to the case n = to get 

x(X<,,i)=:(2-2g)F(s). 

The exact sequence involving mapping class groups 

i^mC^rl^Tg^i 

implies xiXg) = x(^l)/xiC^) and the (orbifold) Euler characteristic is xi'^g) — 
x(rg) hence x(^ff) = x(-^s,i)/(2 — 2g) — Fg which proves Corollary[2l 

Corollary 5. 



ivo,n(6,o,...,o) = n 



4fc 
fc=l 
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Proof. Lemma H implies that iVo,„(5, 0, 0) = for = 2,...,2(n - 3). Thus 
No,n{b,0, ...,0) = c J|^~^(&^ — 4fc^)/4fc for some constant c, since A^o,n(^iO, ...,0) is a 
polynomial in 62 of degree n-3. Now A^o,n(0, 0, 0) = x(Xo.n) = '(-l)""^(n-3)! 
hence c — 1. □ 

Using Ng^nibi, ...,6„) with some bi — 0, one can define a compactified count of 
lattice points by compactifying the moduli space. It gives rise to a polynomial with 
constant term the Euler characteristic of the compactified moduli space. 

6. Examples 

In this section we give explicit formulae for the simplest Eynard-Orantin invari- 
ants LOn'^ and the corresponding piecewise polynomials Ng^n- 



,(0) 



,(1) 



,(0) 



1 



1 



(1-^2)4 

3 



+ 



411(1 - ^ (1 - 411(1 + Z^)^ ^ (1 + Z,)^ 

J:z^ZJ{l + zl)il+zf)^ 



,(1) - 



mil-zf)' 

5 



3211(1 -^.)2 
5 



4(l-z,)2 



3211(1 + ^02 

zqZi 



^ \(l + z. 



(l + zO^ 4(1 + 



32 0(1-^.)^ 
3^0 zi 



320(1 



mi^-zfy 

(2) _ 21z\l + 3z^ + z^)dz 
h - (l-z2)io 



dzgdzi 



In Lof '' the sum over {i,j, k, 1} — {0, 1, 2, 3} consists of 24 terms. 



g 


n 


# odd b. 


iVg,„(6l,...,6„) 





3 


0,2 


1 


1 


1 





^ - 4) 





4 


0,4 


l{bl + bl + bl + bl~4) 





4 


2 


\{bl + bl + bl + bl-2) 


1 


2 





31,(62 + 62 - 4) (62 + 62 -8) 


1 


2 


2 


31^(62 + 61- 2) (62 + 62 - 10) 


2 


1 





^(62 - 4) (62 - 16) (6? - 36) (562 - 32) 



The piecewise polynomials are a more compact way to express the 

(0) 



(a) 



For 

example is the sum of five monomials whereas ^4"'' is the sum of 32 rational 
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functions. It may be useful to express Eynard-Orantin invariants of other curves 
more compactly. 

Around the branch point z = 1 (and similarly for z = —1), 

x{z) = z + l/z^2 + {z-lf + 0{z - 1)\ y{z) = 1 + (z - 1) 

resembles the Airy curve x = z"^, y = z due to the simple branching of x. Eynard 
and Orantin proved that near a branch point, in this case Zi ~ I, i = l,...,rt, 
the asymptotic behaviour of ujn\zi, ...,Zn) is described by ujn^^"^ {zi, The 
asymptotic behaviour of u}n\zi, z^) is governed by the top degree terms of 
the piecewise polynomial TV^ „(6i, Since LOn^^"^ {zit--^ Zn) give generating 
functions for intersection numbers on A^g,n this can be used to prove that the 
coefficients of the top degree terms of the piecewise polynomial Ng^n{bi, ■■■,bn) are 
intersection numbers on Mg^n- This was proven in a different way in [llj by using 
the fact that the lattice point count approximates Kontsevich's volume of the moduli 
space which has coefficients intersection numbers on Mg^n- 
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